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ABSTRACT 

Synthesis has been defined as the rational directed evolu- 

t ion of a system configuration which, i n  terms of a defined 

cr i ter ion,  e f f ic ien t ly  performs a set  of specified functional 

purposes. This document presents the application of the syn- 

thesis  concept t o  a system with an aeroelastic technology, 

Specifically, the system is a hollow symmetric double wedge air- 

fo i l .  

chord length, 

t i p  deflection, f l u t t e r  Mach number, and root stress, 

constraints on the design parameters are provided. 

c r i te r ion  function is the t o t a l  energy required t o  drive the 

a i r f o i l  through a sequence of fl ight conditions, 

*ight versus energy is  studied using a i r f o i l  weight as ,an 

additional behavior constraint. 

a l ternate  s tep synthesis method is  used. 

of three example syntheses and a trade-off study are included, 

The resu l t s  indicate that  the synthesis concept may be applied 

successfully t o  an aeroelast ic  system, 

There are two design variab1es;airfoil thickness and 

Behavior constraints are root angle of attack, 

Side 

The basic 

Trade of f  of 

The gradient steep-descent 

Numerical resul ts  

The study should be 

extended 

assuming 

t o  consider the system as a p la te  structure rather than 

beam type s tn ic tura l  action, 
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maximum allowable root angle of attack i n  q 

2 

t h  

f l i gh t  condition (rad,) 

a i r f o i l  chord length (ft)> 
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torsional s t i f fne ss influence coefficients 
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moment perturbation a t  ith a i r f o i l  segment 

(ft- lbs) 

dimens ionless moment coefficients f o r  f l u t t e r  analysis 

number of a i r f o i l  segments 
free stream atmospheric pressure ( lbs/f t  2 ) 

aerodynamic pressure on lower a i r f o i l  surface 

(lbs/ f t 2 )  

aerodynamic pressure on upper a i r f o i l  surface 

(lbs/ f t  ') 

dimensionless mass radius of gyration about elastic 

axis 

Re yno Id ' s number 

number of f l i g h t  conditions 

maximum allowable root stress i n  the qth f l i g h t  
2 condition ( lbs / f t  ) 
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t i m e  i n  qth f l i gh t  condition 
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free stream temperature (OR) 
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spanwise coordinate 

transverse coordinate 

e l a s t i c  t w i s t  angle (rad) 

root angle of attack (rad) 

synthesis move size control 

f l u t t e r  frequency parameter 

parameter 
2 

= ba/4 

dimensionless mass density r a t io  
2 2  

absolute viscosity (lbs-sec / f t  ) 

part ic ipat ion coefficient for  f l u t t e r  analysis 
2 4  

a i r f o i l  material density (lbs-sec /ft ) 

f ree  stream air density (lbs-sec / f t  ) 
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Chapter I 

INTRODUCTION 

The broad objective of the structural  synthesis research 

program is t o  bring an increasingly meaningful class of struc- 

t u ra l  design problems within the grasp of rational and directed 

optimization in  terms of realistic criteria, 
Previous studies,  such as the  t russ( l )  and waffle p la te  (2) 

synthesis work have dealt with structural systems where static 

s t ruc tura l  analysis and elastic s t ab i l i t y  theory provided the 

governing technology employed t o  predict the behavior of any 

par t icular  design 

'These early s t ruc tura l  synthesis studies led t o  the idea 

that it would be interesting t o  explore the potential  of the 

synthesis concept fo r  engineering systems governed by techno- 

logies such as dynamics, aeroelasticity, and thennoelasticity, 

The development of a synthesis capability f o r  an automated 

optimum design of a simple shock isolator is  reported i n  Ref. 3, 

The resu l t s  reported i n  Ref, 3 illustrate the feas ib i l i ty  of 

applying the synthesis concept to a problem i n  which the govern- 

ing technology is dynamics, 

This document reports on the applicationof the synthesis 

canoept t o  an engineering system where the governing technology 

is aeroelasticity.  
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Within the aeroelastic technology i t s e l f ,  it is  customary t 

to  make a clear dist inction between s t a t i c  aeroelastic analyses 

and dynamic aeroelastic analyses, In s t a t i c  aeroelastic analyses 

the accelerations vanish and problems reduce t o  the determination 

of deformation and stress distributions under constant (with time) 

aerodynamic forces. 

hand, involve aerodynamic forces which are functions of time. 

These t i m e  dependent forces induce accelerations into the system, 

and so ine r t i a l  forcesmust be considered as well as aerodynamic 

and e l a s t i c  forces. 

Dynamic aeroelastic analyses, on the other 

Collar(4) has c lassi f ied problems in  Aeroelasticity by 

Each type of  aero- means of a "triangle of forces" (Fig, 1). 

e las t ic  phenomon may be located on the diagram according to  i ts  

relation to  the three pertipent forces, i ne r t i a l  (I) , aerodynamic 

(A) and e l a s t i c  (E) ,  Therefore, for  example, because l i f t  (L) 

and drag (D) depend only on aerodynamic and e l a s t i c  forces, they 

are located on the aeroelastic tr iangle as shown in Figo  1, 

Likewise, because f l u t t e r  (F) and buffeting (B) depend on a l l  

three forces, they are depicted in  the center of the tr iangle,  

Other realms of technology may also be shown on the tr iangle,  

Mechanical vibrations (9 and dynamic s t a b i l i t y  of a i rc raf t  (E), 

while  not being aeroelastic phenomena, are shown on the diagram. 

The technology for  the system to be studied in  t h i s  report 

involves (L), (D), and (F) i n  Fig. 1, 

uniform hollow symmetric double wedge a i r f o i l  of semi-span n. 

In par t icular ,  it is a 

2 



chord C, depth T, and so l id i ty  r a t i o  p s o  

defined as the r a t io  of the net cross-sectional area t o  the 

cross-sectional area of the ent i re  section, 

The so l id i ty  r a t io  is . 

Consider t ha t  the 

a i r f o i l  is subjected t o  a set of continuously changing f l i gh t  

conditions i n  the course of a mission, 

mission may be idealized as the sum of S sub-missions, each of 

which is defined by a set of prescribed parameters, 

Assume tha t  the t o t a l  

Each discrete 

set of prescribed parameters defining a sub-mission w i l l  hence- 

for th  be hown as a f l i gh t  condition, and the prescribed parameters 

of a f l i gh t  condition are f l i gh t  alt i tude (ALT), Mach Number (M),  

time i n  f l i gh t  ( t ) ,  and required payload (L )., 
P 

The behavior of the system under a series of f l i gh t  

conditions w i l l  be evaluated by the determination of certain 

pertinent quantit ies which hereafter w i l l  be termed behavior 

functions. In any one f l i gh t  condition, these behavior functions 

w i l l  be assigned extreme values which may not be violated, They 

are,  i n  e f fec t ,  inequality constraints on the  system, The 

behavior €unctions w i l l  be taken as root angle of attack (ao), 

stress a t  root (a),  t i p  deflection a t  the leading edge (wT), and 

f l u t t e r  Mach number (MF) 

In order t o  distinguish between acceptable designs i n  an 

e f fo r t  t o  determine the best design configuration, a cr i ter ion 

function (@) m u s t  be introduced, 

ion function w i l l  define the  best design. 

function i n  t h i s  study is the to ta l  energy required t o  complete a 

An optimum value of t h i s  criter- 

The basic cr i ter ion 
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‘mission, 

Both the behavior functions and the cr i ter ion function 

are complicated functions of the a i r f o i l  configuration variables 

in addition to  depending on the f l i gh t  conditions., 

report considers a uniform a i r f o i l  of fixed semi-span, and 

sol idi ty  ra t io ,  the a i r f o i l  configuration is given by chord 

length (C) , and depth (T) a 

design variables,, 

Since th i s  

These quantit ies w i l l  be called the 

A succinct quali tative statement of the problem may now be 

To determine the design variables (T,C) of a uniform, given as: 

hollow, symmetric double wedge a i r f o i l ,  subjected t o  a sequence 

of f l i gh t  conditions, such tha t  the behavior functions assume 

acceptable values and the cr i ter ion function is  optimized, 

The next three chapters w i l l  contain the analysis of the 

system, 

of a proposed t r i a l  design, 

must be possible to evaluate the following for  each f l igh t  

This analysis w i l l  permit prediction of the behavior 

For a par t icular  t r i a l  design, it 

condition: 

1, leading edge t i p  deflection 

2, 

30 root stress (u) 

4, f l u t t e r  Mach number (MF) 

5, pressure drag (D ) 
P 

6 ,  f r ic t ion  drag (Df) 

root angle of attack (a,) 

4 
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Chapter I1 contains a discussion of the first three 

quantit ies above under the t i t l e  "Static Aeroelastic Analysis", 

Chapter I11 contains a discussion of (4) above as "Dynamic 

Aeroelastic Analysis", and (5) and (6) above are steady s t a t e  

phemonena which w i l l  be discussed in Chapter I V  under the 

t i t l e  "Criterion Function". 

The remaining three chapters are devoted t o  discussion 

of the synthesis technique used, results obtained, and conclu- 

sions , respectively, 

The appendix contains an explanation of the computer 

program and a sample program l is t ing,  

5 



Chapter I1 

STATIC AEROELASTIC ANALYSIS 

2 , l  Force and Displacement Distributions 

Due to  motion of the a i r f o i l  through the atmosphere, a 

pressure w i l l  be imposed on i ts  upper and lower surfaceso 

ver t ical  component of the difference between the pressures on 

the upper and lower surfaces integrated over the a i r f o i l  surface 

area is defined as the lift of the a i r fo i l ,  

The 

Various aerodynamic theories give expressions for  the 

determination of t h i s  pressure different ia l .  The simplest of 

these t o  apply is the so-called "Piston Theory" of Ashley and 

Zartarian") , whereby the pressure d i f fe ren t ia l  

A p  = PL - pu ( 2 4  

a t  a point on the a i r f o i l  surface is  dependent only on the 

deflection and velocity a t  tha t  point, 

in the Mach number range 

This theory is valid 

M > 2.5 

which w i l l  consti tute the range of in te res t  i n  t h i s  study, 

According t o  Mills(6), the pressure d i f fe ren t ia l  per 

- 

u n i t  area of the middle surface of the a i r f o i l  using Piston 

Theory may be taken as (see Fig, 3) 

6 



?' 

where 
2 free stream atmospheric pressure ( lbs / f t  ) 

specif ic  heat r a t io  * 1,4 

root angle of attack (radians) 

deflection of a i r fo i l  middle surface ( f t o )  

Mach number 

a i r f o i l  thickness dis t r ibut ion (Za is the 

* 

equation of the surface of the a i r fo i l )  

free stream speed of sound (ft /sec) 

U; U = a i r f o i l  velocity ( f t /sec)  

Since, a t  present, interest  is t o  be focused on static 

aeroelast ic  phenomena, l e t  

Then (2,Z) becomes 

The l i f t  developed by t h e  a i r fo i l  is  found by integrating 

equation (2 ,3)  over the area of the middle surface so tha t ,  fo r  

small angle of attack 

7 



L i f t  f L = 1 A p(x,y) dx dy (2,4) 

A 

Assuming that  the wing behaves primarily l i k e  a beam 

rather than a plate ,  the deformation of the middle surface may 

be represented as (see Fig. 3) ,  

W(X,Y) = h(Y) - x Q (Y) ( 2 c 5 )  

assuming there i s  no chordwise bending, and small t w i s t  angle 

a(Y) 0 

Now t o  perform the indicated integration i n  equation ( 2 , 4 ) ,  

introduce 

C - - z  o < x <  

- T c < x < o  - Z6 - ; x  + 7 - 7  - 
Note t h a t  

(207) a w  - = - u (y) a x  
From an examination of equations (2 ,3)  and (2 ,7)  it is  apparent 

that l i f t  L w i l l  not be dependent on the ver t ica l  deflection of 

the a i r fo i l ,  but only on i ts  angular rotation., 

Performing the integration indicated i n  equation (2,4) over 

the chordwise variable x ,  the lift supplied is 

8 



r per uni t  span, Assuming further that  L(y) is approximately * 

constant for  some f i n i t e  length of wing i, where N is the  num- 

ber of segments i n to  which the continuous a i r f o i l  is discretized, 

equation (2 ,8)  takes the form 

11 Li = 2y p, M (ao + ai) C 1p 

The t o t a l  l i f t  supplied must equal the prescribed payload (L ) 

plus the a i r f o i l  weight (WGT), as 
P 

N 
+ WGT) = 5 = 1 Li (2010) 

‘LP 
i=l 

To determine Li by equation ( 2 , 9 ) ,  ai, the elastic twist angle, 

must be known. 

as given by (Fig. 3c) 

Consider the  aerodynamic moment per uni t  span 

(2, l l )  

o r  i n  terms of Ap(x,y) 

AP(X,Y) x dx dy (2.12) 
A 

where the postive moment vector acts i n  the  negative y direction. 

Performing the  integration i n  (2,12) over x, as before, and 

assuming Ap (x ,y> approximately canstant over the span interval  

a 
Fr’ 

(2,13) 

9 



Rewriting (2,9) and (2,13) i n  matrix form as 

-+ -+ -+ 
L k' a. + k g  a 

+ + -c 
M t =  k a + k a 

0 

where 

(2014) 

(2 15) 

and the definitions of the scalar constants k' and k are obtained 

by comparison of (2,9) with (2,14) and (2,13) with (2,15), 

Introducing torsional f l ex ib i l i t y  influence coeff ic ients  Ca 
i j  

N 

a i j  Mt j a =  1 c i 
i=l 

where the C are given by (788) 
i j  a 

(2,16) 

2 A' 7 . 1  11 ( i  - +I; i = 1, --- D N  - - 
i j  G T ' C d  a 

C 

j L i  (2,171 

j i  a = c  
i j  a C 

10 



b 8 
$ * 

and whexe d is the skin thickness of the a i r f o i l  as given by 

1/2 

- [(T2+1) = ?( ) A2+ 1 / T 2  + 21 
d = + C (  - -  1 (2018) S 

d T 2  + I/ T2 + 2 

and ps is the prescribed so l id i ty  ra t io ,  The so l id i ty  r a t io  

is defined as (see Fig, 3a)the rat io  of the area of the ne t  

cross section t o  the  area of the  entire cross section, 

- s  A TC 

Also, using bending f l ex ib i l i t y  influence coefficients,  Ch , 
i j  

N 

j 
h i =  1 $ L 

i j  j =1 
(2.20) 

where 

ch i j  = %  j i  

The last term i n  (2,21) is  &fined as 

(2,21) 

(222)  

11 



. 

j > i  (2.22 cont.) 

b 

t . 

An i t e ra t ive  technique must be resorted t o  i n  order t o  determine 
3 + +  -b 

a , Mt, L, and h, 

gives 

Casting (2.16) and (2.20) in  matrix form 

-b -+ 
a = [Ca,] Mt 

+ 
h’ = [Ch] L 

Then, from (2.15) and (2.23) 

-b 
a = [Ca]  [k zo + k z ]  

(2 ., 23) 

(2.24) 

(2e25) 

-b 

As a first approximation fo r  ao, assume the wing is rigid,  

and thus tha t ,  

(2.26) 

and since $ is known when the design variables are known 

(1) ~ LT 
0 

a 
2v am p, 

(2.27) 

The super (1) indicates tha t  t h i s  is i n  f ac t  only a f i r s t  approxi- 

mation to  the actual value of u0. Now from (2.25) 

(2.28) 

12 



Substitution of (2 .27)  into (2,28) gives a f i r s t  approxi- 

mation t o  Z, as 

= k [I - k [Cull -1 [CUI $1) 

and from (2.14) 

(2.29) 

(2.30) 

(2.31) 

Since 4 ' )  w i l l  not i n  general be equal t o  $ un t i l  the correct 

t w i s t  d is t r ibut ion is obtained, the difference between 4')  and 

4 is a measure of the correction needed, Then 

and the correction t o  may be computed as 

and 

(2,33) 

(2 e 34) 

The sequence of operations indicated by equations (2,29) through 

(2.34) is now repeated un t i l  

(2.35) 



where E is  an arbitrary small value and n is the number of cycles 

required to  sa t i s fy  equation (2.35). When (2.35) is sat isf ied,  

:(")is the converged twist distribution and Ccn) is the con- 

verged l i f t  distribution, Also the e l a s t i c  axis deflection 

distribution, ?n), may be computed from (2.24) and the aero- 
+ 

dynamic momnt Mt (n) from (2.15), The deflection of the leading 

edge may be computed from (2,s) with x = - C , t o  give 

(2.36) 

2.2 Stress Analysis 

In par t  2 . 1  of th i s  chapter, the force and displacement 

distributions over the wing were determined, Now these w i l l  be 

ut i l ized t o  determine the root stress, 

The stresses a t  the root are 

1) 

2) 

3) 

1) Flexure Stress 

This i s  given by 

flexure stress due t o  Li 

transverse shear stress due t o  L.  

torsional shear stress due t o  Mt 
1 .' 

i 

where Mr = bending moment a t  root 

(2.37) 

= moment of i n e r t i a  about the x axis a t  root. 
I X X  

14 



. 

Therefore 
N 

(2.38) 
i= 1 

and 

C r 3 - ( C - 2 d m )  ( T - 2 d K l l 3 ]  
xx 

JA 
so tha t  f ina l ly ,  

(2.39) 

N 
(a 1 = 24 (;I( T - 9  1 ( i -  $1 L?’ 

(2.40) 
i-1 ymax Cr3-(C-2d A T )  (T-2d m3 

2) Shear Stress due t o  Transverse Load is 

The maximum value of (2.41) occurs at z = 0,  and 

where A1 is the cross sectional area 

(2.42) 

above the z = 0 plane., Then 

Q = 1 , T C ( T  OS ) [T(2-Ps)-(1-Ps) d A 2 +  1 ] (2,43) 
N 
1 

i=l 
Also, V = L p ) ,  the converged to t a l  l i f t  on the a i r fo i l .  



The stress is then 
. 

T (2-ps)-(1-pS)d N 

- P s  2- ( C - 2 d G 2 )  ( T - 2 d m )  i=l 

(2,44) 

3) Shear Stress due t o  Torsion, 

The torsional shear stress i n  the thin-walled, hollow 

wing due t o  a twisting moment Mt is given by (9) 

(24 45) 

where is the cross sectional area taken t o  the center of the 

thin wall, as 

(2,461 

and s 

Cross section, 

is a circumferential coordinate i n  the plane of the 

Using (2.46), (2.45) becomes, a t  the wing root 

N 

A numerical example was undertaken t o  determine the 

relative sizes of T ~ ~ ,  ( T ~ ~ ) ~ ~ ~ ,  and (uY). 

stresses were found t o  be small compared t o  Q 

stress 

Both of the shear 

the  bending 
Y’ 

The magnitude of the shear stress given by (2,47) is  the 

Same for  every point i n  the wall of the wing root cross-section, 

Therefore, the principal stress composed of ay and T at  point 
SY 

T = = 7 w i l l  be taken t o  describe the root stress condition. 

16 



The principal stresses at  t h i s  point are given by 
1 

- 0  2 
(2,48) 

where ox = 0 

Therefore, substi tution of (2.47) and (2.40) i n to  (2,48) yields  

N 

u =  12 (E/N) T 1 (i- +) L?’ 
CT3 - (C-2d h + 1 / 7 2 ) ( T - 2 d f i ) 3  i=1 

1 # 2  

c Mt) l 2  1. 
(T - d E ) ( C - d  m ) d  i=l i 

+ (  

A sat isfactory design based on the  Von Mises Criterion w i l l  be 

one f o r  which 
1 

( 2 e 5 0 )  
2 2 

SMAX 2 [ul + u2 - a1 a21 2 

where SMAX is the yield stress i n  uniaxial tension. 



Chapter I I I 

DYNAMIC AEROELASTIC ANALYSIS 

Flutter,  which is the topic of t h i s  chapter,can be defined 

as the dynamic ins tab i l i ty  of an elastic body i n  an airstream, 

The f lu t t e r  condition is  determined by consideration of a 

perturbation in  deflection about the deflected static equi l i -  

brium position of the a i r f o i l ,  

deflections, the aerodynamic l i f t  and moment distributions are 

changed, 

tion perturbations may grow with time and cause the fai lure  of 

h e  t o  t h i s  perturbation in  

Under certain conditions, the magnitude of the deforma- 

the wing (11 1 

Consider that  the wing is moving through a i r  a t  some Mach 

number M, and is suddenly disturbed, as by a gust,, 

subsequent motion w i l l  e i ther  be damped out, remain constant, 

or increase, 

just l ess  than a c r i t i c a l  Mach number, MF, the perturbation w i l l  

damp outp 

s tab i l i ty  ex is t s ,  and f o r  speeds greater than the c r i t i c a l  speed, 

divergent oscil lations may resu l t ,  which may cause s t ructural  

failure, 

defined as the  lowest Mach number a t  which a given structure 

flying a t  given atmospheric conditions w i l l  exhibit  sustained 

oscillations about the deflected static equilibrium position, 

Then the 

As the speed is increased from zero t o  some value 

A t  the critical speed condition (M = MF), neutral 

The f l u t t e r  (or c r i t i c a l )  Mach number, MF, is  therefore 

In most cases, an adequate evaluation of the f l u t t e r  condi- 

18 



t ion is obtained by considering an infinitesimal perturbation 

about the deformed equilibrium position:'') since it is an un- 

desirable s i tuat ion to  have small motions unstable even i f  larger 

ones are stable. 

with exponential time dependence, since a l l  other small motions 

can be bu i l t  up there from by superposition, Hence, theoretical 

f l u t t e r  analysis usually consists of assuming in  advance that  

a l l  dependent variables are proportional t o  eiwt (w rea l ) ,  and 

then finding combinations of M and u fo r  which t h i s  actually 

occurs, 

where there are tm characterist ic numbers which determine Mach 

number and frequency, 

I t  is then sufficient t o  analyze a vibration 

This leads t o  a complex or  double eigenvalue problem 

With the above considerations,the perturbation i n  the 

deflection of the middle surface of the a i r f o i l  is given as 

(simple harmonic motion) 

w(x,y,t) = w (x,y) eiot 

where W(x,y) is i n  general complex, As before, take 

From piston theory( 6,) the aerodynamic pressure is  



Using the thickness distribution equations and definit ion of 

l i f t  as given i n  Chapter 11, the l i f t  perturbation per wing 

segment is  

where 

k=%!? 
and w is t h e  c i rcular  frequency of harmonic motion in  radians 

per second, As is seen from Eq, (3.6) fo r  reduced frequency 

k, w and M are directly related, 

In addition t o  the aerodynamic l i f t  acting on the a i r f o i l ,  

there w i l l  also be a perturbation i n  the aerodynamic moment, 

because the resultant l i f t  perturbation w i l l  not of necessity 

act  through the e l a s t i c  axis (mid-chord). 

determined by evaluating the integral  

This moment may be 
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J c  
-7 

which gives, a f t e r  some manipulation 

Defining harmonic l i f t  and moment quantities as 

i w t  Lh i a % e  i 

i w t  - 
M = M a e  

i i a 

(3.8) 

the factor eiut i n  (3,5) and (3.7) may be dmpped. Equations 

(3,5) and (3.7) are commonly wr i t t en  i n  current l i t e ra ture  as 

K. 
[a2 (M1+ i M,) $ + (M3+ i M4) ai J (3 , l l )  1 4 a  2 

Ma i = P L c  n o  
The coefficients 

less l i f t  and moment coefficients which are defined by comparison 

L, , L,, L,, L, and M, , M,, M,, M, are dimnsion- 

of (3,5) with (3.10), and (307) with (3011)0 
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The equations of motion of the basic a i r f o i l  segment of 

length w i l l  now be determined, The forces acting and the 

sign convention used are shown i n  Fig, 4, I t  is assumed that 

the center of gravity is  not coincident with the e l a s t i c  axis 

but is  located by the parameter xa (positive behind e l a s t i c  

axis), 

control surface actuation system near the t r a i l i ng  edge. 

assumed tha t  th i s  w i l l  not affect  the a i r f o i l  structurally,  

Note that Bisplinghoff (12 

supersonic speeds unless the center of gravity is behind the 

e las t ic  axis, 

Th i s  is reasonable because in  practice there w i l l  be a 

I t  is 

states that  no f l u t t e r  w i l l  occur a t  

The translational and torsional springs with constants 

indicated by Kh and K 

influence coefficients of the par t icular  a i r f o i l  section being 

considered, 

are meant t o  indicate the s t i f fness  
a 

Constructing the potential  and kinet ic  energies, 

2 V = T h  K hi2 + i K ,  ai (3,12) 

Applying Lagrange's Equation 

d a T  a T  a v  
E ( - ) - - + - =  Fk a qk a qk a qk 
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f o r  qk = hi, Fk = $ 
i 

a i  i 
m hi - S U  + $ h i = $  

and fo r  qk = a .  Fk = - M 
i 1' U 

(3,15) 

0 0  

= - M  (3,16) 
i U 

- Sa hi + Ka ui 
0 0  

I ui 
U 

where 
I 

(3,17) 

(3.18) 

(3,19) 

m is  the mass per p l e n g t h  II of a i r f o i l  

r 

x 

i s  the dimensionless mass radius of gyration 

is the dimensionless s t a t i c  unbalance 
U 

U 

Another way of deriving the d i f fe ren t ia l  equations of motion is 

by means of the f l ex ib i l i t y  influence coefficients defined 

earlier, 

by superposition as 

"hen the t o t a l  deflection at  section i may be writ ten 

N 

hi - - C  5 F j  
i j  j =1 

where F. is the t o t a l  external force (aerodynamic and ine r t i a l )  

acting at  section j ,  Therefore 
J 
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(3,20) 

Likewise, the t o t a l  deflection angle a t  i is 

N 

1 Ca '5 u =  i i j  j j -1 

where 5 is  the t o t a l  moment a t  section j .  Then 
D O  .e 

j 
a C (- Iu a j  + Sa hj  - Ma ) (3.21) 

i j  j 
i U 

Comparison of equations (3,ZO) and (3,21) with (3.15) and (3,16) 

respectively indicates that  Kh and K are matrices related by a 

(3.22) 

CKu1 = (3,23) 

and \ and Ku are s t i f fnes s  coefficient matrices as described 

above e 

Now assuming tha t  the motion of the a i r f o i l  may be repre- 

sented as a simple harmonic motion, the motion equations become 

K - a - I w u + S u u E . + M  2 -  2 = O  
i a j  a i 1 U i j  

(3,25) 

which may be writ ten i n  matrix form as 
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2 + w  

+ -  {:I = il) 
a 

(3.26) 

2 
By multiplying and dividing’the f i r s t  tern in (3,26) by w , 
a more convenient form is obtained as 

2 w 

[;II - - -  ‘ I  I 
I 

I 
[ml [Sal 

I [+I - Pal 
5--- I 

I W  

+ 

a 

Now replacing $ and Moby the i r  values as given by equations 

(3.10) and (3,11), and using (3,17) and (3,18) 

(3,28) 

The matrix equation (3,28) is most easily solved i f  it is 

rendered dimensionless, In order t o  do t h i s  some new parameters 
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must be defined, 

the radius of gyration have been defined by 

Dimensionless center 0% gravity location and 

S 2 a  = r  m X a 

'a 

1 /2 
' a  -1 m 

Next define a dimensionless ver t ical  deflection given by 

h - 
v r 2 r  

(3,17) 

(3,18) 

(3,29) 

Then take dimensionless bending and torsion s t i f fnes s  matrices, 

[ i l  and rial 8 as 

(3,30) 

where 

and wa is the fundamental natural  torsional vibration frequency 

of the  wing i n  a vacuumo 

i n  Eq, (3,30) and (3,31) is the analogy drawn between the 

% is  the fundamental natural  bending vibration frequency, 

The basis f o r  the def ini t ions as given 

single degree of freedom systems where Uh = and - 
w = f i a / I a  and the  many degree of freedom system considered a 

here, Finally, define a dimensionless mass density r a t io  as 
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m N 
s p = -  

2 
pea 

(3,32) 

and the quantity m is of course given by 

(3 0 33) l a  
= p m T C P s  

where p 

airfoil is constructed and ps is the solidity ratio, In terms 

of densities, then, 

is the mass density of the material out of which the 

(3,34) 1 0 "  
Ir = z - - p  P, c 

Now by substitution of definitions (3,29) through (3,32) into 

equation (3,28), the dimensionless flutter equation becomes 

(3,35) 

The dimensionless lift and moment coefficients are given 

T = T/C, the thickness ratio, as with 

L, = 0 

L, = & 
(3,36) 
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M, = 0 

(3,36 cont) 

Substitution of (3,36) into (3,351 gives the t l u t t c r  equation 

i n  its f inal  form 

The matrix equation (3,37) is the f l u t t e r  equation which 

Notice that most of the submatrices on the l e f t  w i l l  be solved, 

are diagonal, there being only two exceptions, [Kh] and [K,] 

Notice also tha t  (3,37) is a homogeneous equation in  the dis- 

.. .. 

placements, I f  Eq, (3,37) is written in  matrix form as 

[*I {} = c> 
or in vector form 

28 
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(3 3 7b) 

then nontrivial  solutions for  (3,37) w i l l  ex i s t  i f  and only if 

det [A] z 0 (3,38) 

The matrix A w i l l  be taken here t o  have 10 rows and 10 columns, 

corresponding t o  the f ive sections into which the a i r f o i l  w i l l  

be discretized, This is sufficient freedom fo r  the determination 

of the fundamental mode and f lu t t e r  frequency, 

w i l l  be both a bending and a torsional degree of freedom, the 

to t a l  number of equilibrium equations w i l l  be ten, 

these ten equations has a real  and an imaginary par t ,  

effectively gives the  equivalent of twenty equations for  only 

f ive  a i r f o i l  stations.  This is a practical  consideration for  

the choice of f ive a i r f o i l  stations being sufficient.  

solution with five wing segments requires the expansion of a 

tenth order complex determinant 

w nor k nor M are known un t i l  the problem is solved. 

solution then is one of t r i a l  and error ,  where w and M are 

guessed and k computed from Fiq, (3,6), and then these quantit ies 

substituted into (3.38) , the determinant is expanded, evaluated, 

and compared with zeroo 

Because there 

Each of 

This 

The 

To complicate matters, neither 

The 

Obviously there  is l i t t l e  chance that 

it w i l l  be zero, and because there are two quantit ies (w and 

M) t o  be a rb i t r a r i l y  chosen, it w i l l  take many t r i a l s  t o  ge t  an 

answer. There is no way around th is  dilemma unless simplifying 
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assumptions are made,, One such assumption is tha t  the displace- 

ment vector may be writ ten as a sum of the uncoupled bending and 

torsional modes of the segmented a i r f o i l ,  as 

5 5 
-+ -+ -+ 
V =  1 Th e + c Ta i eo i 

i= 1 i= 1 i hi 
(3 39) 

where the Ti are normal coordinates which indicate the pa r t i c i -  

pation of the several nornal mdes of the system i n  the general 

solution vector, 

coefficients, 

tions to  t h e  following eigenvalue problems : 

They are therefore also cal led par t ic ipat ion 

The si are the normal modes which are the solu- 

(3.40). 
i 

Therefore 

(3,41) 

Therefore: 
A 

Eq, (3,39) may then be writ ten in  matrix form as 

f =  

10x1 
(3,42) 

10x1 10x10 



So far nothing has been done t o  eleviate the d i l ema  involved i n  

solving E q ,  (3,38), 

the fundamental f l u t t e r  mode shape, it w i l l  be assumed not only 

tha t  ? may be written as i n  (3,42), but a lso tha t  only the 

first few uncoupled bending and torsion modes w i l l  make up th i s  

fundamental f l u t t e r  mode shape, 

uncoupled bending mode and the fundamental uncoupled torsion 

I-iowever, since the problem requires only 

In fact ,  only the fundamental 

-+ 
mode w i l l  be taken t o  approximate vo 

- - -P 
V 

10x1 

- 
I 0 -  
I 1 
I 

I 
--- 1- - c- 

a 0 l e  
- I 1. 

1 ox2 

Therefore 

-P 
E 

2x1 

(3 0 43) 

A separate analysis was undertaken which showed the 

In f ac t ,  the r e su l t s  indicated that  j u s t i f i ca t ion  of this .  

E 
O1 - 

5 
"2 

100 
T 

so tha t  the participation of the second modes is  of higher order 

of magnitude than the first,, 

have even smaller participation coefficients , 

Higher modes would be expected to  

A way has now been s h m  t o  reduce b5e order of the 

determinant i n  Eq. (3.38). Substitution of Eqo (3,43) into (3,37b) 

yields  



10x10 10x2 2x1 10x1 
T and prernultiplying both sides of (3.45) by Q gives 

[QT A Q1 
-f 

= o  
2 x 2 2x1 2x1 

and then (3.38) may be replaced by 

det [QT A Q] = 0 

(3.45) 

(3.45a) 

(3.46) 

Now the determinant i n  (3,46) is  only of second order and may 

be easi ly  expanded. 

Next the matrix multiplications indicated i n  equation 

(3,45a) are performed, Because of the f o n  of matrix Q, tha t  is 

because 

Q =  

the multiplications are especially simple, I f  [A] is parti t ioned 

as 

(3,47) 

then 



!i A3 Qh I I Q: A4 QJ 

and a l l  of the submatrices on the right side of (3.48) are of 

f i r s t  order and are therefore individual complex numbers. 

NOW, looking back a t  Eq,(3.37) , it is seen tha t  every sub-matrix 

may be written as a scalar parameter multiplied by a uni t  matrix 

except [<I and [;,I. Then, defining the following 

T -  .. 
Q, WaI Q, K, 

T 
[I1 Q, 5 Q2 

T 
3 

Q, [I] Qh Q 

T Q, [I1 Q, 5 Q, 

and writ ing 

Oh 
a 

( T I  = 

0 2  
($1 = A 

(3,49) 

(3,SO) 

(3,Sl) 

equation (3.46) becomes 
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(3 52) 

When expanding (3 ,52 ) ,  terms may be grouped according t o  whether 

they are rea l  o r  imaginary, 

t o  vanish, both the real  and imaginary par t s  must vanish separ- 

ately, thus giving two equations, Sett ing the rea l  par t  equal 

t o  zero gives 

Then i n  order fo r  the determinant 

and the imaginary par t  set equal t o  zero yields 

(3,541 

2 
I t  w i l l  be noticed tha t  k 

both (3 ,53)  and . (3.54),  

that  

appears only t o  the first power in 

Solving (3.54) fo r  l / k2  , it is found 
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where 

Q, =: Q, Q, - Q2 Q3 

(3 55) 

(3 56) 

Substituting (3,55) into (3,53) and grouping t e r n  as powers of 

X , the following quadratic equation i n  x is  obtained; 

2 
+ 3.- Q 2 Q 3 Q 4 W a  ihn M T ] 

(3.2 57) 
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2 - s 3 Q Q Q Q  1 2 3 4 r u  T - 5  6~~~~ 1 2 3 4  ~ , M T  

X T  2 2 2 a 
+ + QlQ,Q,Q, -M - 2 Q2 43 W, T 

The solution procedure is: Choose an i n i t i a l  guess M and solve 

%, (3.57) fo r  X x , the two roots, Only one of these w i l l  
1 2  

be of in te res t ,  the one corresponding t o  lowest M. Substitute 

XI and A, into Eq. (3.55) and compute k, and k, . Then 

from Q, (3.6) 

Take the lowest value (M 

i n i t i a l  guess value of M. If they agree, the problem is solved. 

If not use the new value of M = M 

the procedure, 

correct values of M ,  k, and 

(3.54) to within some prescribed small amount, 

guarantee that  det (Q A Q) is actually close t o  zero for  what 

shall be the f l u t t e r  condition., 

o r  M ) and compare it with the 
1 2 

say (M, < M ) and repeat 
1 2 

The cr i te r ion  fo r  convergence w i l l  be tha t  the 

sa t i s fy  equations (3.53) and 

This  w i l l  
T 



Chapter I V  

CRITERION FUNCTION 

4.1 Energy 

The basic c r i te r ion  function i n  th i s  study is, t o  be the 

energy required fo r  a sequence of f l ight  conditions, the sum 

of which represent a mission. Therefore the quantity t o  be 

optimized may be written as 

where D is the to t a l  drag, the sum of the pressure drag D P 

and the f r ic t ion  drag Df, U is the velocity (U = Ma a0 ),and $ 

is the to t a l  time required for the mission. 

A mission is, however, to be represented by a set of 

discrete f l i gh t  conditions, This allows equation (4.1) t o  

be recast as 
S 

0 = 1 D. U. ti 
1 1  

i= 1 

where now 

S = number of f l i g h t  conditions 

Di = t o t a l  drag i n  ith f l igh t  condition 

'i = velocity i n  ith flight condition 

ti = time in ith fl ight  condition 
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and Di, Ui, and ti are assumed constant in  any one f l i gh t  condi- 

tion, 

4.2 Pressure Drag 

The pressuE drag of an a i r f o i l  may be found by integrating the 

horizontal component of the aerodynamic pressure d i f fe ren t ia l  

over the surface of the a i r fo i l ,  Then, for  a s t r i p  of length 
a 

drag may be writ ten as 

- 
with a to t a l  angle of attack ui = u + a , the pressure i 0 

4.3 Friction Drag 

The f r ic t ion  drag is defined('') as 

and 

' f (X)  = 

3 is 

d is 

Taking cos ( I ,  
double wedge', t 

f r ic t ion  force per  un i t  surface area of a i r f o i l  

a uni t  tangent vector t o  the surface 

the f ree  stream velocity vector. 

U) 5 COSE,  and considering the symnetric 

has values in the f i r s t ,  second, third,  and 

-b 

fourth quadrants, respectively, of 



c -- e + (ao + ai) 

= e -  (ao + ai> 

c = e + (ao + ai) 

1 

2 

3 

c = e - (ao + ui) 
4 

where 

(4 5) 

Considering the integral  over t h e  surface i n  (4,4) t o  be independ- 

ent of y over increments of length FJ , II 

and 

D = $  (x) cos [ i ( x ) ,  b] ds 
fi 

J 
S 

ds = dx [l + (T/C) 2 J 1/2 

Introducing (4.5) and (4.8) in to  (4.7) yields 

-rf(x) COS (ao + ai) dx 

C 1 

(4 8) 

(4.9) 

I t  is apparent from (4.9) that  f r ic t ion drag i s n o t  expl ic i t ly  

dependent on the thickness of the a i r fo i l .  
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According t o  Nielsen(lO1 the f r ic t iona l  stress is given 

(4.10) 

(4 . 11) 

The super s t a r s  indicate tha t  the quantit ies distinguished by 

them are to 'be evaluated a t  the so-called "reference temperature" 

T* . 
The Reynolds Number is given by 

(4 e 12) 
'La 

and also 

* * 3 = mass density of a i r  a t T  , slugs/f t  

= absolute viscosity a t  T , slugs/ft-sec, 
POP 

pa 
* * 

In terms of (4,ll) and (4.12), (4.10) may be expressed 

as 

(4.13) 

I t  is advisable t o  put (4.13) i n  a form dependent on fewer 

parameters. With th i s  i n  mind, T* w i l l  f i r s t  be found i n  

tern of T, , the free stream temperature, which w i l l  be known 

when the al t i tude is known, To begin, define 



= T, (1 + ,+ $1 
TS (4 . 14) 

where Ts is the stagnation temperature. 

a quantity, Tw, which i s  the p la te  temperature at  the prescribed 

Madnumber, Then 

In addition introduce 

1 T* = T, + 7 (T, - Tm) + 0.22 r (Ts - T,) 

The quantity r is the "recovery factor" and is  given by 

1 

k* Ts - T m 

(4 15) 

(4 . 16) 

TR = 

g = acceleration due t o  gravity 

C * = specif ic  heat of a i r  a t  T 

k* = thermal conductivity of air a t  T* 

recovery temperature (wing equilibrium temperature) 

* 
P 

The recovery factor clrrt is a measure of how close TR approaches 

Ts, the f ree  stream stagnation temperature. 

For turbulent flow, r has been found t o  be approximately 

constant a t  

r = 0.90 (4,171 

and the ra t io  of spec i f ic  heats ,I1 y 

constant a t  1 ,4 .  

is also approximately 

One fur ther  assumption is that there is no heat loss from 

the p la te  due to  reradiation. This means that  
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TR = Tw (4.18) 

Again, the object of a l l  th i s  is t o  get equation (4,13) 

into a form which may be eas i ly  evaluated given the f l i g h t  

conditions imposed on the structure,  i.e, M and T, , because 

T, is prescribed when the f l i gh t  a l t i tude is given. Now 

(4.19) 

R = 1718 ft2/sec2’R (4,201 

1/2 M Ma, (Y R T,) 

and 

(4,211 

Ref, 13, by a process of curve f i t t i ng ,  has obtained an 
* expression for  pa as 

- 7  T* 3/ 2 
- 0 .2770  x 10 * - 

(T* + 198.7) Ira (4,22) 

Substitution of (4.20) , (4.21), and (4,22) in to  (4.13) yields 

c -2.584 1.22x106p T1/’(T*+198. 7)M(x+ 7) 
1 , O D  

T 2 -  
Tf(X) = 0,259 p M - [loglo 

OD T* T* 5/2 
(4,231 

To eliminate T* from (4,23) , use equations (4.15) and (4,161 

W i t h  assumptions given i n  equations (4.17) and (4.18) t o  get,  

f inally 



-2.584 1 2 2x1O6Mp- [T (1+0 e 13M2) +198 7 J 
(x+ $11 0. ZS9dpm m 

5 /  2 T f W  = [log10 
(1+0,13d> T 0 [l + 0,13 M2 ] 

(4.24) 

Substitution of (4.24) into (4.9), and using a numerical 

integration technique, the fr ic t ion drag per wing s e p n t  may 

be determined. 
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Chapter V 

SYN'IRESIS 

5.1 Normalized Composite Behavior Function and Synthesis Method 

The basic analysis for  the system herein considered is 

contained i n  Chapters I through IV. 

functions, root angle of attack (a,) is given by equation (2.341, 

leading edge t i p  deflection (wT) i s  given by equation (2.36 ) 

st ress  a t  the root (a) is  given by equation (2.50 ) and f l u t t e r  

Mach number is obtained by use of equations ( 3 , 6 ) ,  (3 .53) ,  (3.54) 

(3 .55) ,  and (3.57) . 
the to t a l  energy, is given by equation (4.2) and (4.3) and (4,9) 

and (4.24) a 

Considering the behavior 

Also the principal cr i ter ion function (a) 

In a given design s i tuat ion,  each of the behavior functions, 

except f l u t t e r  Mach number, w i l l  have a prescribed value which 

may not be exceeded. 

m u s t  be greater than the  actual f l i g h t  Mach number. 

prescribed values of the behavior functions w i l l  i n  general be 

different fo r  each f l i g h t  condition in  the mission. 

The f l u t t e r  Mach number, on the other hand, 

These 

Consider tha t  the number of f l i gh t  conditions composing a 

mission is S, 

advantageous t o  have the ab i l i t y  t o  prescribe different  values 

is different f l i gh t  conditions fo r  each of the behavior functions. 

For instance, the root angle of attack w i l l  increase as the 

alt i tude increases and hence a larger  acceptable value may be 

Then fo r  each of these S f l i gh t  conditions, it is 
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desirable at  higher a l t i tudes,  

fatigue, the allowable s t ress  should be less i n  a f l i gh t  condi- 

t ion of frequent occurence than i n  a f l i g h t  condition which 

seldom occurso 

Likewise, because of material 

Each f l i gh t  condition w i l l  then have prescribed values for  

each behavior function, 

Cons trained by 

The qth f l ight  condition would then be 

1) m a x i m  root angle of  attack AMAX q 

2) m a x i m  leading edge t i p  deflection DMAX q 

3) m a x i m u m  root stress S W  q 

4) f l u t t e r  Mach number MF q 

In the case of the trade7off study, the maximum allowable wing 

weight, WMAX, w i l l  be included i n  the above list,  

A simple way t o  handle these four behavior functions is 

t o  normalize them and t o  then construct a composite behavior 

function, 

and MF for q = 1 , 2 ,  o o o ,  S have been values of aoq, wTq9 aq 

obtained, 

define fo r  the qth f l igh t  condition, 

Consider that  an analysis has been completed and 

9 
Then using t h e  prescribed quantit ies introduced above, 

where the quantity 5 assumes the value of that  r a t io  on the 
9 

r ight  of (Sol) which has the maximum value, 

a function 4 such that 

Further, consider 
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- - - 
0 Max [ 42 B +q, O O ~ ,  4s 1 (502) 

where again Q assumes the value of the m a x i m  T on the 

r i g h t  of (5,2) ,, 

behavior function, 

9 
The quantity 4 w i l l  be called the composite 

A design for  which 

is an acceptable design while a design f o r  which 

$ ’ 100 (5.4) 

is  one in which one o r  more of the  behavior constraints are 

violated, 

close t o  unity, 

Obviously a c r i t i c a l  design is me for  which $ is very 

Figure 7 shows the curve $ = 1 fo r  the test 

case synthesis of the following chaptero 

One further ingredient is required fo r  synthesis, and it 

is a method of selecting a new design once the acceptability ($1 
and merit ( 0 )  of an i n i t i a l  design have been determined, For 

t h i s  study, the gradient-steep descent, al ternate s tep  method 

was selected, principally because the design variable space (3) 

is two dimensional ( i , e ,  T and C are the design variable 

coordinates) and therefore, only two al ternate  step directions 

space 

exist ,  

method are contained i n  Figures 5 and 6 ,  

A graphical description and basic flow chart of t h i s  

Consider that  the cr i ter ion function @(Gi) is known for  an 

acceptable design point zi, where 
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Then, for  some new design point near the or iginal  point 

The new design point.$+’ is t o  be reached from the old point 

by moving i n  the gradient direction such tha t  the value of the 

cr i ter ion function assumes a more optimum value, Then 

where h is a parameter tha t  determines the length of the move. 

Comparing (5,6) and (5,7) it is found tha t  

li 
I i  

Now, defining a quantity which denotes the  percentage change in  

4 from the i n i t i a l  t o  the new point as 

4 (ti) 
and then comparing (5 ,8)  with (Sag) ,  it is found tha t  

(5.10) 
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The quantity A as defined by (5,9) is a negative number 

A <  0 (5,12) 

f o r  the case when the move is  made from an acceptable i n i t i a l  

point t o  a new point, When the move is made from an unacceptable 

i n i t i a l  point 

A >  0 (5,13) 

The fundamental cr i ter ion function in  t h i s  study is not 

differentiable, A f i n i t e  difference approximation to  the true 

gradient was  therefore resorted to ,  

In two dimensions, the gradient is given by 

4 (T,C+AC)-O (T,C) -* 

A T  j 4 (T+ AT,C) - 4(T,C) 
+ 

A C  VQ (T,C) = L i m  

AT-cO 
AC+O 

and the pa r t i a l  derivatives can be approximated by computing, for  

the T component 

4 (T + AT,C) - 4 (T,C) 
AT 

and for the C component 

4 (T, C + AC) - Q ( T , g  
AC 

(5.16) 

f o r  progressively smaller values of AT and AC u n t i l  t he i r  change 

from the previous calculation is less than some desired amount, 
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This w i l l  y ie ld  a very good approximation t o  the gradient as 

long as the curves of 4(T,C) = constant are smooth, 

not t o  introduce any bias into the gradient components, the 

actual computation used 

In order 

1 4 (T + AT,C) - (J (T - $ AT,C) 
G L 

AT 
(5,17) 

for  the T component and 
1 1 (T,C + 7 AC) - 4 (T,C - 7 AC) 

AC 
(5,18) 

for the C component. 

Redesign points are located using (5.11) subject t o  (5.12) 

Or (5.13). When f ina l ly  a point is found a t  which 4 takes on 

the value unity, a l ternate  steps are taken tangent (Fig.5) to  

the constant cr i ter ion function (merit) curves, t o  determine i f  

a point can be found fo r  which 4 < 1.0, 

found, a new gradient is computed a t  t h i s  point and moves are 

again made using ( S e l l ) e  I f ,  however,no point can be found for  

which 4 < L O ,  the present point a t  which 4 is unity is called 

the optinum design and the  synthesis is complete, 

I f  such a point is 

The alternate tangent steps described above use the  com- 

ponents of the gradient. 

s t ra ight  l ines  the points nbtained in  these al ternate  steps w i l l  

Since the constant 4 curves are not 

l i e  on constant 4 curves of higher magnitude than the original 

point, A n  i t e ra t ive  process is required t o  get back on the same 

4 curve tha t  the alternate step was taken from. After th i s  is 
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done the point is checked t o  determine i f  it is  acceptable or 

unacceptable, 

5.2 Synopsis 

In th i s  section of t h i s  chapter, a statenent of the 

problem w i l l  be given i n  terms of equation numbers and based on 

the format given in  the introduction, 

I, Given: 

(A) the fixed parameters of the system: 

1, span, E, P s  

2, material density; p 

3 ,  required payload; L P 
(B) the prescribed f l igh t  conditions 

1. Number of f l igh t  conditions; S 

2,  qth f l igh t  condition parameters 

(a) Altitude; ALT (p, a, , P, Too 
q q q q q  

(b) Mach number; M 

(c) time i n  f l i gh t  condition; t 
9 

9 
t h  

(C) the prescribed behavior constraints for  the q 

f l igh t  condition 

1, m a x i m u m  root angle of attack; AMAX q 

2. maximum leading edge t i p  deflection; DMNC q 

3, maximum root stress; SMAX q 

4. f l igh t  Mach number; M 

to the f l u t t e r  Mach nuder )  

( to  be less than o r  equal 
9 

5. (trade-off study only) m a x i m u m  wing weight; WMAX 



(D) Appropriate side constraints on the design parameters, 

T and C such that 

LBX < T < UBX - - 
and 

LBY < C < UBY - - 
where LBX and LBY are lower limits of T and C imposed by 

fabrication techniques and kindred things while UBX and UBY are 

corresponding upper limits on T and C. 

11. Determine: 

The design variables , T and C such tha t  the side constraints 

are not violated and the composite behavior function $ as defined 

by (5.2) satisfies (F03) and where the individual par t s  of (5 ,2)  

are given by equations (5.1), (2 ,34 ) ,  (2 .36) ,  (2.50 ), (3.61, 

(3.531, (3.54), (3.55),  and (3.57),  and f ina l ly  that  the criter- 

ion function 

assumes an optimum value. Redesigns are made using (5.11) subject 

t o  (5.12) or  (5,13), 

cp as given by (4,2), (4,3),  (4,9) and (4,241 

5,3 Trade-off Study 

In performing the trade-off study, the system w i l l  be 

optimized first with no upper l i m i t  on weight ( i ae .  WMAX taken 

suff ic ient ly  large t o  exert no influence on the optimum). This is 

the problem as  s ta ted i n  section S 0 2 ,  and yields an aptimum design 

based on energy. The corresponding t o t a l  a i r f o i l  weight is given 

bY 

(5019) 1 
2 WGT = -0g II T C p S  



where g is  the acceleration due to  gravity, 

Next a reduced maximm allowable weight is specified such 

that WMAx is less than the weight (WGT) obtained for  the energy 

optinum, and again the system is optimized based on energy. 

penalty for  t h i s  reduced weight is readily seen as an increase in  

the optimum energy. 

The 

In th i s  manner a curve of optimum energy VS, allowable 

weight w i l l  be plotted,  

may resul t  in  a design more r ea l i s t i c  than the o p t i m  energy 

design would be,, 

Subsequent investigation of t h i s  curve 
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Chapter VI 

EXAMPLE SYNTHESES AND RESULTS 

Several example systems were optimized using the completed 

computer program. 

1.) Test Case 

This is a system which has a mission consisting of one 

f l i gh t  condition. 

Figure 7 shows the design path from the i n i t i a l  design t o  the 

optimum energy design point. 

merit contour in  Figure 7 gives the magnitude of the to t a l  

drag on the a i r f o i l  fo r  design points on tha t  contour. 

was done by a rb i t r a r i l y  taking U = t = 1 

Complete data are contained in  Table 1, and 

The value associated with each 

This 

i n  (4-2) 

The l i f t  drag r a t io  of the optimum design obtained is 4.6. 

Assuming the skin f r i c t ion  coefficient to  be 0.003(10) , Nilton (14) 

gives the maximum l i f t -drag  rat io  fo r  a 5.9% double wedge 

a i r f o i l  f lying a t  M = 3.0 as 5.6. 

The f l u t t e r  constraint is  shown in  Figure 7 as a s t ra ight  

l ine.  

Also, the root angle of attack is a s t ra ight  l i ne  in  t h i s  

"his is true only i n  the region plot ted i n  Figure 7 .  

region, 

explained by consider,ing the following: I f  the chord C is 

fixed, and the depth T i s  increased, the wing is made more 

r ig id ,  thus necessitating a greater root angle of attack t o  

compensate fo r  the smaller e l a s t i c  twist angle a t  each spanwise 

stat  ion a 

The s l igh t  slope of the a. = constant l ines  may be 
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2 , )  Production Run Case M l  

The mission €or t h i s  case contains three f l i g h t  

conditions, Data f o r  these are to  be found i n  Table 2 

The synthesis path is shown i n  Figure 8. 

The optimum design is a 6.8% double wedge, whereas 

for the preceding t e s t  case it was a 5.9% double wedge. 

I t  should be noted that  only behavior constraints which 

at  some po in t  compose par t  of the composite constraint  curve 

are shown in  Figure 8. Root stress is ,  therefore, not shown. 

3 , )  Trade-off Study on Case M l  

A plo t  of allowable a i r f o i l  weight (lbs.) vs. optimum 

energy (€t.-lbs.) is shown i n  Figure 9. The data points 

used t o  construct t h i s  curve are tabulated i n  Table 3. Table 

3 also contains the values of the design and behavior 

variables associated with each point. 

Run number (1) i n  Table 3 represents the absolute 

minimum weight design. 

weight l e s s  than 3,015 lbs. 

optimum design based on energy. 

quite high a t  5,470 lbs ,  

weights l i s t ed  are prescribed maximum weights, and the associated 

energies are the minimum energies possible a t  the corresponding 

prescribed maximum weights. 

be used t o  obtain the energy associated with a design which has 

a prescribed maximum weight less than the weight obtained by 

No acceptable design is possible f o r  a 

Run number (7) represents the 

The associated weight is  

In run numbers (2) through (6) the 

The curve i n  Figure 9 may thus 
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pure energy optimization and greater than the absolute minimum 

weight, 

4.) Production Run Case M2 

This is essent ia l ly  the same as Case me The behavior 

constraint limit on root stress is  changed t o  make t h i s  

constraint active. 

of t h i s  case, 

second f l i g h t  condition and f l u t t e r  i n  the th i rd  are active. 

The contours of energy, root angle of attack, f l u t t e r  

Table 4 contains the complete de ta i l s  

I t  i s  seen (Table 4) t ha t  root stress i n  the 

Mach number, leading edge t i p  deflection, and root stress 

contained i n  Figures 7 and 8 were obtained only for the purpose 

of i l l u s t r a t ing  the synthesis path. 

obtained by extensive gridding of the design space a f t e r  the 

synthesis was complete and the region containing the optimum 

w a s  known. 

These contours were 
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Chapter VI I 

CONCLUSIONS AND RECOMMENDATIONS 

This study has demonstrated the feas ib i l i ty  of applying 

the synthesis concept t o  a system which has an aeroelastic 

technology, 

highly idealized natu\re, 

making the problem more r e a l i s t i c  by consideration of the 

following: 

As itstank, the problem solved is admittedly of a 

Future e f fo r t  may be directed t o  

1,) Formulate the wing as a plate  rather than as a beam- 

type structure. 

based on energy, t h i s  is a necessary change, because 

the chord length (C) is not small compared t o  the 

span ( R ). 

In view of the optimum design obtained 

2,) Include the effects  of a control system at  the t r a i l i ng  

edge. 

3 , )  Use the skin thickness (d) as a design variable. 

4.) Consider the wing t o  be tapered and/or swept. 
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FIGURE 38 

PRESSURE DISTRIBUTION AT TYPICAL SECTION A-A 
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FIGURE 3C 
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PRESSURE (LIFT) PER UNIT SPAN AT TYPICAL 
SECTION A-A 
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TABLE 5 Program Variable Names 

U ( S )  

ANAL1 ( X J )  

ATA (S) 

BOUND prevents diverging alternate step 

BSC (X ,Y) 

c, y a i r f o i l  chord 

C C O  

upper limit on a. i n  Sth f l igh t  condition 

procedure which determines MF, 

root angle of attack 

normalization procedure f o r  5 
i j  

gradient component i n  C direction a t  a bound 

point ($=1) 

( X J )  bending frequency normalization procedure 

MECK tests side constraint violation 

a-w torsional frequency normalization procedure 

C O N S T " T ( X , Y )  composite constraint function (0) procedure 

W ( S )  

E 

ENG(X,Y) 

EPS 

EPN 

FR 

G 

L, LO 

LB 

LF 

LT 

72 

upper l i m i t  on wT 

Young' s Modulus 

procedure for  determining 4 , the t o t a l  energy 

er ror  parameter for  TEST( ) 

error  parameter fo r  ENG( ) 

frequency r a t io  fl 

shear modulus 

number of f l i g h t  conditions 

wh 
5 t o t a l  l i f t  

0 
a 



MAR 

MOMNT 

N, 

NORM (X ,Y) 

NRFfBD 

N M R  

PER 

PDRAG (X , Y, S 1 
PRES (S) 

RHO 

RHOA (S) 

S 

SPAN 

STR (S) 

"1, C1 

(SI 

TEST (X,Y) 

TIME (S) 

energy per f l igh t  condition procedure 

wing segment m a s s  

f l u t t e r  Mach number i n  Sth f l i gh t  condition 

Mt 
number of wing segments 

gradient routine 

eh 

ea 

move size control parameter 

-b 

-+ 

procedure fo r  wT, ao, -P u ,  u, Dp 

pressure p, 

a i r f o i l  material density (lbs/in 3 ) 

a i r  density p, 

f l i gh t  condition specifier 

skin f r ic t ion  s t ress  procedure Tf  

upper l i m i t  on u 

11 

root stress 

design variables a f t e r  a tangent move 

to t a l  a i r f o i l  depth 

gradient component i n  T direction a t  a bound 

point 

free stream tempe ToD 

tests 4 and determines appropriate move 

f l i gh t  time i n  Sth f l i gh t  condition 
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TSC (X ,Y) 

VAIR(S) 

normalization procedure f o r  Ca 
i j  

free stream velocity of sound a, 

V m )  MaOD 

(X , Y) t o t a l  wing weight 

gradient component i n  T direction 

gradient component i n  C direction 

XOOMP 

YCOMP 
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APPEND1 X 

(15) The computer program was written i n  the Algol 60 Compiler 

for  the  Univac 1107 Electronic Computer, 

an explanation of the program, a table of program variable 

names, and a sample program l i s t ing ,  

This appendix contains 

Extensive use is made of the procedure routines of t h i s  

compiler, 

f ied  formal parameters, 

values by designating the procedure as a "real" procedure, 

A procedure is  an independent subprugram with speci- 

Procedure names may be assigned numerical 

E i g h t  basic procedures a= used in  the completed program. 

They are ANALl, PDRAG, ENERGY, NORM, CONSTRAINT, TEST, BOUND, 

and CHECK, 

basic procedures are discussed below: 

These and others are l i s t ed  in  Table 5. The 

1) PRocxmRE ANALl(X,Y) 

This procedure computes the f l u t t e r  Mach number, The 

formal parameters shown i n  the procedure heading above corres- 

pond t o  the actual design variables T and C respectively, 

the procedure is called,  X is replaced by the current value of 

T, and Y is replaced by t h e  current value of C, 

When 

In order t o  compute the f l u t t e r  Mach number, certain 

preliminary calculations must be made. First, the f l ex ib i l i t y  

influence coefficients,  Ca and $ are computed using (2,1?) 
i i  i i  

and (2.21). Then the fundakntal  uncoupled bending and torsion 

mode shapes (gh, ga) and frequencies (wh, wa)  are computed using 

a matrix i te ra t ion  technique on (3,40) and (3,41). Next, the 
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matrices (+, and Ca are inverted t o  obtain the s+kfness 
i i  i i  

4 ., 
matrices Kh and Ka These are then normalized as indicated 

i i  i i  - -. 
in (3.30) ana (3,31) 'to give I$ and Ka e Finally the matrix 

i i  i i  .. 
m u ~ t i p ~ i c a t i o n s  indicated i n  (3,;ig) are pgrfonned t o  give Kh, 

Ka,  Q l ,  Q,, Q,, and Q, , 

used along with equations ( 3 , 6 ) ,  (3 ,53 ) ,  (3,54), and (3,57) t o  

evaluate the f l u t t e r  Mach nmber fo r  each f l i gh t  condition, 

-, 

These preliminary resul ts  are then 

2) REAL PROCEDURE PDRAG (X,Y,S) 
+ + +  This procedure computes ao, a ,  w,  Mt, u, and D The 

PO 
pertinent equations are (2 ,32) ,  (2,27), (2,34), (2,15), (2,50 ) 

and (4 .3) ,  

the  f l igh t  condition t o  which the  above resu l t s  pertain,  

The formal parameter "S" in  the heading specifies 

The value D is assigned to  the name of the procedure 
P 

as 

DP 
PDRAG = 

for each succeeding f l i gh t  condition, 

3) REAL PROCEDURE ENG(X,Y) 

This procedure is essent ia l ly  a Simpson's Rule integration 

routine which is necessary t o  evaluate the integral  i n  (4 ,9)  and 

thus to determine the f r i c t ion  drag, Let the evaluated integral  

for the sth f l igh t  condition be denoted by $ s e  Then introduce a 

real procedure MAR such that  the argument of MAR is 

78 



plete  the sth f l igh t  condition, More than one f l i g h t  condition 

necessitates repeating (A,2) for  each oned 

In the general case when (A,2) must be repeated fo r  S 

f l igh t  conditions, the to ta l  energy required t o  accomplish these 

S f l i gh t  conditions (4) is assigned t o  the procedure name ENG 

@PT 
v O J . 1 0  O r  

[v  @I$ @I 

x m  = T  
C 

YCOMP = 

where the comma indicates differentiation, 
5) REAL PROCEDURE CONSTR"T(X,Y) 

This procedure computes the value of t,,e composite 

constraint function as given by (5,Z) and assigns t h i s  value t o  

the procedure name CONSTRAINT. I t  is used in  conjunction with 

procedure TEST t o  determine the appropriate move direction. 

6) PROCEDURE EST (X,Y ,ON,FREE ,NOT) 

This routine determines i f  a design is acceptable by 

computing the composite constraint function @ The code 
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name for  I$ is CONSTRAINT(X,Y). 

ON, FREE, and NOT are the program move locations of the 

three possible s i tuat ions,  as 

o N ; 4 J = 1  

FREE; 4 < 1 

NOT; Q > 1 

7) PROCEDURE BOUND (X,Y, XCOMP, YCOMP) 

This procedure is used after an al ternate  s tep  t o  get back 

on a merit contour of the same value as that  from which the move 

was taken. 

The values MERON, TOW, and CCOMP are the  stored values 

4, XCOMP, and YCOMP corresponding t o  the  bound point ($51) of 

from which the  alternate s tep move was taken,, 

8) PROCEDURE CIIECK (X,Y, XCOMP, YCOMP, XS, YS) 

This checks the values of the design variables against 

those of the s ide constraints after a move is taken but before 

any par t  of the  analysis is undertaken. 

violated, the move distance is reduced u n t i l  it is not,  

YS are move direction control integers which take on values of 

+1 o r  -1 depeAiding on where the move was taken from and the type 

Of move made, i , e , ,  gradient direction o r  tangent direction. 

If a s ide constraint is 

XS and 

A block diagram using the procedures and symbols defined 

above is given i n  Fig, 10, 

PDRAG, and ENG w i l l  be grouped together under the  name ANALYSIS 

as 

In Fig, 10, the procedures ANALl, 



ANAL1 

ANALYSIS s 

{:I} 
j ANALYSIS s 

for ease of presentation. 

The computer program symbols with explanations are 

l i s t ed  i n  Table 5, 

sample program l i s t ing ,  

The appendix is  concluded with a complete 
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